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1
fragmented ( [ ], [3] )
generalized fragmented ( [6], [7], [9] )
fragmentable
(fragmentable compact space) [8], [10]
( [ ], [3] )
” Fragmentability”
Radon-Nikodym







$X^{*}$ $B(X)$ $X$ $A$
$X$ $K$ $X^{*}$
$*$ pair
$(A, K)$ $K$ fragmentedness








$y\in \mathrm{Y}$ $\delta(y)$ $y$
$\delta(\mathrm{Y})=\{\delta(y) : y\in \mathrm{Y}\}$ $\delta(\mathrm{Y})$ $C(\mathrm{Y})^{*}(:C(\mathrm{Y})$
) $*$ $M_{1}^{+}(\mathrm{Y})$ (:the set of all Radon
probability measures on Y) $=\overline{\mathrm{c}\mathrm{o}}(\delta(\mathrm{Y}))$ (: the weak’-closed convex hull of
$\delta(\mathrm{Y})),$ $M_{1}(\mathrm{Y})(=B(C(\mathrm{Y})^{*}))=\overline{\mathrm{a}\mathrm{c}\mathrm{o}}^{*}(\delta(\mathrm{Y}))$ (: the weak’-closed absolutely
convex hull of $\delta(\mathrm{Y}))$
$\mathrm{Y}$ fragmentability
1($H$-fragmentability of $\mathrm{Y}$ ) . $\epsilon>0$ $\mathrm{Y}$ $(H, \epsilon)-$
fragmentable $(*)$
$(*)\mathrm{Y}$ $M$ $\exists G$ : $\mathrm{s}.\mathrm{t}$ . $M\cap G\neq\emptyset$
and $\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}_{H}(M\cap G)(=\sup\{|f(y_{1})-f(y_{2})| : y_{1}, y_{2}\in M\cap G, f\in H\})<\epsilon$ .
$\mathrm{Y}$ $H$-fmgmentable } $\epsilon$ : $(H, \epsilon)$-fragmentable
$X^{*}$ $H$-fragmented $*_{\backslash }.$
[$\mathrm{Y}$ : $H$-fragmentable9 $\delta(\mathrm{Y})$ : $H$-fragmented] $.\text{ }$
$\delta$ : $\mathrm{Y}arrow(\delta(\mathrm{Y}), \sigma(C(\mathrm{Y})^{*}, C(\mathrm{Y})))$
$H$ $.\mathrm{Y}$ –.- ( $\forall y_{1},$ $y_{2}\in \mathrm{Y}$
$\mathrm{s}$ .t. $y_{1}\neq y_{2}$ [ $\exists f\in H\mathrm{s}.\mathrm{t}$ . $f(y_{1})\neq f(y_{2}))$ ! Namioka [11]
$Y$ Radon-Nikodym compact
$H$-fragmentable space $\mathrm{Y}$
2. $u$ : $Xarrow \mathrm{R}$ ,
(1) $u$ subdifferential( $\partial u$ ) [ $X$ $X^{*}$
u(x) $=\{x^{*}\in X^{*} : u(z)-k(x)\geq(z-x, x^{*}),\forall z\in X\}$ .
(2) $u$ $x(\in X)$ Gateaux differentiable ( )
$\forall y\in X$ (
$\lim_{tarrow 0^{l}}\{u(x+ty)-u(x)\}/t(=Du(x, y)$ )
$\partial u(x)$ singleton
(3) $u$ $x(\in X)$ $A$-differentiable [
36
$x^{*}\in X^{*}$
$\lim_{tarrow 0+}\{\sup_{y\in A}|(u(x+ty)-u(x))/t-(y, x^{*})|\}=0$ .
$B(X)$ -differentiability
(4) $u$ $x(\in X)$ $A$-uniformly Gatea$ux$ differentiable [





3. $Z$ $\mathrm{Y}$ $Z$
$\phi z$ : $C(\mathrm{Y})arrow \mathrm{R}$
$\phi_{Z}(g)\cdot=\sup_{y\in Z}g(y)(\forall g\in C(\mathrm{Y}))$ .
$\phi z$ (a), (b), (c)
(a) $\phi_{Z}$ : $C(\mathrm{Y})arrow \mathrm{R}$ ( )
(b) $|\phi_{Z}(g_{1})-\phi_{Z}(g_{2})|\leq||g_{1}-g_{2}||\backslash (\forall g_{1},g_{2}\in.C(\mathrm{Y}))$ . ( . $\phi_{Z}$ [
)
(c) $\partial\phi z(g)\subset M_{1}^{+}(\mathrm{Y})(=\overline{\mathrm{c}\mathrm{o}}^{*}(\delta(\mathrm{Y}))).(\forall g\in C(\mathrm{Y}))$ .
( ) (c) $L\in\partial\phi_{Z}$ (g). $\text{ }\downarrow$
subdifferential $\phi z(f+g)-\phi z(g)\geq L(f)(\forall f\in C(\mathrm{Y}))$
. $\phi_{Z}(f)\geq L(f)(\forall f\in C(\mathrm{Y}))$




. $\mathrm{Y}$ : $H$ : $C(\mathrm{Y})$
(a) $\mathrm{Y}$ is H-fragmentable.
(b) $\forall$ continuous convex function $\phi$ : $C(\mathrm{Y})arrow \mathrm{R}$ [ $\exists$ dense
$G_{\delta}$-subset $U$ of $C(\mathrm{Y})\mathrm{s}.\mathrm{t}$ . $\phi$ is $\mathrm{a}\mathrm{c}\mathrm{o}(H)$ (absolutely convex hull of $H$ ) $-$
differentiable at each $g\in U$ .
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(c) $\forall$ sequence $\{f.\}.>)\mathrm{C}H,$ $\forall Z\ovalbox{\tt\small REJECT}$ nonempty subset of $Y$
$\exists g\in C(Y)\mathrm{s}\mathrm{t}$ . $\emptyset z$ is $\Phi$-uniformly Gateaux $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{l}^{\ovalbox{\tt\small REJECT}}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{b}1\mathrm{e}$ at $g$ , where $\psi\ovalbox{\tt\small REJECT}$
$\{f\ovalbox{\tt\small REJECT} n\ovalbox{\tt\small REJECT} 1\}$ .
‘
$’\overline{\mathrm{T}}.\backslash$
$\acute{\text{ }}.\text{ }t$ (c)-\Rightarrow (a) $\grave{\ovalbox{\tt\small REJECT}}$
} ff.( l1 $i_{-}’$
$\dot{\mathrm{T}}$ \emptyset >‘‘
$\mathrm{f}\mathrm{f}\mathrm{l}\backslash$
{1) $H$-fragmentable $\mathrm{Y}$ $h:I(=[0,1])arrow \mathrm{Y}$
(2) $h$
$h$ : $Iarrow \mathrm{Y}$
$(*)$ $\Psi=\{g_{n} : n\geq 1\}$ [ $\phi z$ [ nowhere I-uniformly
Gateaux differentiable in $C(\mathrm{Y})$ $Z=h(I)$ ,




4(Generalized Sierpinski functions). $T,$ $S$ {
$k$ $T$ $S$ $\nu$ $S$
$h$ : $Sarrow T$ $h$ $(k, \nu)$
generalized Sierpinski function
(1) $h$ $B(S)- B(T)$ $\mathrm{s}.\mathrm{t}$ . $h(\nu)$ (the image measure of $\nu$ by
$h)$ [ $T$ $B(S)$ (resp. $B(T)$ ) [ $S$ (resp.
$T)$ $J\mathrm{s}$ $\sigma$-algebra
(2) $k(h(\nu))=\nu$ ,







. $T$ Cantor $\{0, 1\}^{\mathrm{N}},$ $S$ $I,$ $\lambda$ $I$
. $r_{n}$ : $Iarrow \mathrm{R}$ 1 $n$-th Rademacher $k$ : $\{0, 1\}^{\mathrm{N}}rarrow I$
$k( \{t_{n}\}_{n\geq 1})=\sum_{n=1}^{\infty}\frac{t_{n}}{2^{n}}(\forall t=\{t_{n}\}_{n\geq 1}\in\{0,1\}^{\mathrm{N}})$ .
$k$ ( Sierpinski function)
$h$ : $Iarrow\{0,1\}$ $h$ (1), (2), (3)
$h(s)=\{(1-r_{n}(s))/2\}_{n\geq 1}(\forall s\in I)$ .
(1) $h$ { $B(I)- B(\{0,1\}^{\mathrm{N}})$ $\mathrm{s}.\mathrm{t}$ . $h(\lambda)$ is the nomalized Haar measure
on $\{0, 1\}^{\mathrm{N}}$ ,
(2) $k(h(\lambda)))=\lambda$ ,
(3) $h(k(t))=t(h(\lambda)- \mathrm{a}.\mathrm{e}.)$
Sierpinski function $h$ { $(k, \lambda)$ [ generalized Sierpinski
function
generalized Sierpinski functions
1. $T,$ $S$ $k$ $T$ $S$
$\nu$ $S$ $(k, \nu)$
generalized Sierpinski function $h$
( ) [4] (or [5])
$(S, \Sigma_{\nu}, \nu)$ $(S, B(S),$ $\nu)$
(cf. Proposition B.l in [1]) $T$
$\mu$
$k(\mu)=\nu,$ $L_{1}(T, \Sigma_{\mu}, \mu)=\{g\circ k : g\in L_{1}(S, \Sigma_{\nu}, \nu)\}$ .
$(T, \Sigma_{\mu}, \mu)$ $(T, B(T),$ $\mu)$ $V$ :
$L_{1}(S, \Sigma_{\nu}, \nu)arrow L_{1}(T, \Sigma_{\mu}, \mu)$ $V(g)=g\circ k(\forall g\in L_{1}(S, \Sigma_{\nu}, \nu))$
$V$
$V^{*}(f)(k(t))=f(t)(\mu-\mathrm{a}.\mathrm{e}.)(\forall f\in L_{\infty}(T, \Sigma_{\mu}, \mu))$,
and
$V^{*}(f_{1}\cdot f_{2})=V^{*}(f_{1})\cdot V^{*}(f_{2})$ (in $L_{\infty}(S,$ $\Sigma_{\nu},$ $\nu)$ ) $(\forall f1, f_{2}\in L_{\infty}(T, \Sigma_{\nu}, \nu))$ .
$V^{*}$ : dual operator of $V$ .
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$l$ $L_{\infty}(S, \Sigma_{\nu}, \nu)$ $s\in S$
$C(T)$ $L_{s}$ $L_{s}(f)=l(V^{*}(f))(s)(\forall f\in C(T))$
$V^{*}$ $L_{s}$ multiplicative
$h:Sarrow T$
$f(h(s)))=l(V^{*}(f))(s)(\forall f\in C(T),\forall s\in S)$ .
$l(f\circ h)=f\circ h$ $(\forall f\in C(T))$
$h$ $B(S)- B(T)$ $h(\nu)$
$f(h(s))=V^{*}(f)(s)(\nu.- \mathrm{a}.\mathrm{e}.)$ $(\forall f\in C(T))$
$k(\mu)=\nu$ $V^{*}(f)(k(t))=f(t)(\mu- \mathrm{a}.\mathrm{e}.)$ $(\forall f\in C(T))$
$f(h(k(t)))=f(t)(\mu- \mathrm{a}.\mathrm{e}.)$ $(\forall f\in C(T))$
$\int_{T}f(t)d\mu(t)$ $=$ $\int_{T}f(h(k(t)))d\mu(t)$
$=$ $\int_{S}f(h(s))dk(\mu)(s)=\int_{S}f(h(s))d\nu(s)$
$=$ $\int_{T}f(t)dh(\nu)(t)(\forall f\in C(T))$




$\mathrm{Y}$ $\mathrm{Y}$ $(A_{n}, B_{n})_{n\geq 1}$
independent } $\forall m\geq 1$ $\forall\{\epsilon_{j}\}_{1\leq j\leq m}(\epsilon_{j}=1\mathrm{o}\mathrm{r}-1,1\leq j\leq m)$
[ $\cap$ $\epsilon jAj\neq\emptyset$ ( $\epsilon jAj=A_{j}$ if $\mathit{6}j=1,$ $\epsilon jAj=Bj$ if
$\epsilon_{j}=-1)$ \mbox{\boldmath $\tau$}‘1‘ .6$\leq marrow-$
$\mathrm{Y}$ { $V(n, i)$ : $n=0,1,$ $\ldots$ ;
$i=0,$ $\ldots,$ $2^{n}-1\}$
$V(n+1,2i)\cup V(n+1,2i+1)\subset V(n, i)$ ,
and
$V(n+1,2i)\cap V(n+1,2i+1)=\emptyset$
( $n=0,1,$ $\ldots$ and $i=0,$ $\ldots,$ $2^{n}-1$ ).
$A_{n}=\cup\{V(n, 2i+1) : 0\leq i\leq 2^{n-1}-1\},$ $B_{n}=\cup\{V(n, 2i)$ : $0\leq$
$i\leq 2^{n-1}-1\}$ $(A_{n}, B_{n})_{n\geq 1}$ independent $T=$
$\cap(A_{n}\cup B_{n})$ $\mathrm{Y}$
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$\psi$ : $Tarrow\{0,1\}^{\mathrm{N}}$ $\psi(t)=\{x_{n}\}_{n\geq 1}$ ( $x_{n}=1$ if $t\in A_{n}$
and $x_{n}=0$ if $t\in B_{n}$ ) $\psi$ $\tau$ :
$\{0, 1\}^{\mathrm{N}}arrow I$ $\tau(x)=\sum_{n=1}^{\infty}x_{n}/2^{n}(\forall x=\{x_{n}\}_{n\geq 1}\in\{0,1\}^{\mathrm{N}})$
$\tau$ $k=\tau\circ\psi$ : $Tarrow I$
1 $(k, \lambda)$ : generalized Sierpinski function
$h$ $(: Iarrow T)$ $\mu=h(\lambda)$ (a), (b), (c)
$l$ 1 $L_{\infty}(I, \Lambda, \lambda)$
(a) $l(f\circ h)=f\circ h(\forall f\in C(T))$ ,
(b) $\tau(\psi(\mu))=\lambda$ ,
and






[7] Proposition 5 $A$-fragmented
complete analogue
( Generalized Sierpinski function )
2. $\mathrm{Y}$ $H$ $C(\mathrm{Y})$
$\mathrm{Y}$ $H$-fragmentable (i), (ii)
(i) $\epsilon,$ $H$ $\{f_{n,j} : n=0,1, \ldots ; j=0, \ldots, 2^{n}-1\}$
$\mathrm{Y}$ { $V(n$ , : $n=0,1,$ $\ldots$ : $j=0,$ $\ldots,$ $2^{n}-1$ }
(1), (2)
(1) $V(n+1,2j)\cup V(n+1,2j+1)\subset V(n, j)$ ,
(2) $\forall v\in V(n+1,2j),\forall w\in V(n+1,2j+1)$ [ $f_{n,j}(v)-f_{n,j}(w)\geq$
$\epsilon(\forall n\geq 0,0\leq\forall j\leq 2^{n}-1)$ .
(ii) (i) (P) $h$ : $Iarrow \mathrm{Y}$
(P) $h(I)=Z$ $\phi_{Z}$ [ nowhere $\Psi$-uniformly Gateaux differen-
tiable in $C(\mathrm{Y})$
$g_{n}=f_{m,j}$ (if $n=2^{m}+j,$ $m\geq 0,0\leq j\leq 2^{m}-1$) . $\Psi=$
$\{g_{n} : n\geq 1\}$
( ) (1) [12] Proposition 56
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(2) (1)
$\{V(n,j) : n--0,1, \ldots ; j=0, \ldots, 2^{n}-1\}$
$A_{n}=\cup V(n, 2j2^{n}-1j=0+1),$ $B_{n}=\cup V(n, 2j)2^{n}-1j=0$
$(A_{n}, B_{n})_{n\geq 1}$ $\mathrm{Y}$ independent se-
quence General-
ized Sierpinski function $h$ [ $h(\lambda)$ ( $=\mu$ ) :Rmlon probability
measure on $\mathrm{Y}$
$(*)l(f\circ h)=f\circ h(\forall f\in C(\mathrm{Y}))$ . $l$ [ $L_{\infty}(I, \Lambda, \lambda)$
$(**) \int_{E}f(h(s))d\lambda(s)=\int_{\psi^{-1}(\tau^{-1}(E))}f(y)d\mu(y)(\forall E\in B(\mathrm{Y}), \forall f\in C(\mathrm{Y}))$
$(***)\psi^{-1}(\tau^{-1}(I(n, 2j)))\subset V(n, 2j),$ $\psi^{-1}(\tau^{-1}(I(n, 2j+1)))$
$\subset V(n, 2j+1)(j=0,1, \ldots, 2^{n-1}-1)$
$I(n, i)=(i/2^{n}, (i+1)/2^{n})(n\geq 0,0\leq i\leq 2^{n}-1)$
$\forall g\in C(\mathrm{Y})$ $T_{h}$ : $C(\mathrm{Y})arrow L_{1}(I, \Lambda, \lambda)$ $T_{h}(f)=$
$f\mathrm{o}h(\forall f\in C(\mathrm{Y}))$ $\lambda(E)>0$ $E$
$(T_{h}^{*}( \chi_{E}/\lambda(E)), f)=(\int_{E}f(h(s))d\lambda(s))/\lambda(E)(\forall f\in C(\mathrm{Y}))$
$T_{h}^{*}(\chi_{E}/\lambda(E))\in M_{1}^{+}(\mathrm{Y})$
$M=\overline{\mathrm{c}\mathrm{o}}(T_{h}^{*}(\Delta(I)))(\subset M_{1}^{+}(\mathrm{Y}))$ ( $\Delta(I)=\{\chi_{E}/\lambda(E)$ : $\lambda(E)>0\}$ )
$M$ $\{S(g, \epsilon/3n, M) : n\geq 1\}$
$h$ $(*$ ) $\forall n\geq 1$ [
$S(g, \epsilon/3n, M)$ $=$ $\{\mu\in M : \int_{I}g(s)d\mu(s)>\sup_{\nu\in M}\int_{I}g(s)d\nu(s)-\epsilon/3n\}$
$=$ $\{\mu\in M : \int_{I}g(s)d\mu(s)>\mathrm{e}\mathrm{s}\mathrm{s}-\sup_{s\in I}g(h(s))-\epsilon/3n\}$
$=$ $\{\mu\in M : \int_{I}g(s)d\mu(s)>\sup_{s\in I}g(h(s))-\epsilon/3n\}$
$=$ $\{\mu\in M : \int_{I}g(s)d\mu(s)>\phi_{Z}(g)-\epsilon/3n\}$
$E_{n}=\{s\in I:g(h\langle s))>\phi z(g)-\epsilon/3n\}$ $\lambda(E_{n})>0$
$\delta(h(E_{n}))\subset S(g, \epsilon/3n, M)$ [6]
$\{p_{n}\}_{n\geq 1}$ $\{i_{n}\}_{n\geq 1}$ $n$
$0\leq 2\cdot i_{n}<2^{p_{n}}-1,$ $\lambda(E_{n}\cap I(p_{n}, 2\cdot i_{n}))>0,$ $\lambda(E_{n}\cap I(p_{n}, 2\cdot i_{n}+1))>0$





(a) $\int_{I}g(s)d\alpha_{n}(s)>\phi_{Z}(g)-\epsilon/3n,$ $\int_{I}g(s)d\beta_{n}(s)>\phi_{Z}(g)-\epsilon/3n$ ,
(b) $\int_{\Gamma}.k_{n}(s)d\alpha_{n}(s)-\int_{\Gamma}k_{n}(s)d\beta_{n}(s)\geq\epsilon$ (Here $k_{n}=f_{p_{n}-1,i_{n}}$ , and so,




(a) ! $\delta(h(F_{n}))\subset S(g, \epsilon/3n, M)$
















$\text{ }$ . $\{\phi_{Z}(g+k_{n}/n)+\phi_{Z}(g-k_{n}/n)-2\cdot\phi_{Z}(g)\}/(1/n)>\epsilon/3$




(a) $\Rightarrow(\mathrm{b})$ . (a) $\delta(\mathrm{Y})$ H-Radon-Nikodym





[2] (cf. Theorem 314 and Proposition 3.15) 1 $\phi$
$C(\mathrm{Y})$ dense $G_{\delta}$ $U$ $g$ $\mathrm{a}\mathrm{c}\mathrm{o}(H)$ -differentiable
$(\mathrm{b})\Rightarrow(\mathrm{c})$ . $\phi z$ $(\mathrm{b})\Rightarrow(\mathrm{c})$
$(\mathrm{c})\Rightarrow(\mathrm{a})$ . 2
3. $X$ Asplund $\forall$ continuous convex function $\phi$ : $Xarrow \mathrm{R}$
$X$ dense $G_{\delta}$ Frechet differentiable ( )
1, 2 $H$ $\mathrm{Y}$
Radon-Nikodym compact
[$\mathrm{Y}$ : Radon-Nikodym compact 9 $\mathrm{Y}$ : $H$-fragmentable]
1. $\mathrm{Y}$ Radon-Nikodym compact 9 $(*)$ $H$
$(*)\forall\{f_{n}\}_{n\geq 1}\subset H,$ $\forall$ nonempty subset $Z$ of $\mathrm{Y},$ $\phi z$ is $\Phi$-uniformly Gateaux
differentiable at some point $g$ of $C(\mathrm{Y})$ , where $\Phi=\{f_{n} : n\geq 1\}$ .
$H=B(C(\mathrm{Y}))$ (: $C(\mathrm{Y})$ ) [$\mathrm{Y}$ : $B(C(\mathrm{Y}))-$
fragmentable 9 $\mathrm{Y}$ : scattered (that is, every nonempty subset of $\mathrm{Y}$ has an
isolated point)]
2.
(a) $\mathrm{Y}$ $B(C(\mathrm{Y}))$ -fragmentable
(b) $C(\mathrm{Y})$ Asplund
(c) $\forall$ nonempty subset $Z$ of $\mathrm{Y},$ $\phi z$ is Frechet differentiable on adense
$G_{\delta}$-subset of $C(\mathrm{Y})$ .
(d) $\mathrm{Y}$ [ scattered
. [$\mathrm{Y}$ : $H$-fragmentable9 $\delta(\mathrm{Y})$
:H-Radon-Nikodym ( $H$-fragmented ) $]$ H-
44
fragmentability of $\mathrm{Y}$ [10] H-Radon-Nikodym
$\delta(\mathrm{Y})$ ( H-Radon-Nikodym $\delta(\mathrm{Y})$
)
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